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Abstract
We study the two-dimensional generalized Weingarten model reduced to a point, which inter-
polates reduced Weingarten model and the large-N gauge theory. We calculate the expectation
value of the Wilson loop using Monte-Carlo method and determine the string tension and string
susceptibility. The numerical result suggests that the string susceptibility approaches to −2 in a
certain parametric region, which implies that the branched-polymer configurations are suppressed.
1
1 Introduction




















where Aµ(µ = 1, 2, · · · , d) are complex N × N matrices. (In actual numerical calculation shown
in section 3, we consider only the case that d = 2.) This model1 interpolates [1] the reduced
Weingarten model [3] and the large-N reduced U(N) gauge theory [4]. We regard the model (1)
as describing an ensemble of random surfaces and study whether it can describe the Nambu-Goto
string.
The original Weingarten model [5] was proposed as a nonperturbative description of the
Nambu-Goto string. This model is defined as follows. Consider the d-dimensional square lat-
tice Zd and introduce a complex N ×N matrix Ax,µ for each link connecting sites x and x + µˆ,
in such a way that Ax+µˆ,−µ = A
†
























The partition function is given by
ZW =
∫
dmN exp (−SW ) , (5)









d [Re(Ax,µ)ij ] d [Im(Ax,µ)ij ]
)
. (6)
Let Ci be closed contours on the lattice. Multiplying Aµ along Ci and taking trace, we obtain
Wilson loops w(Ci). The correlator of w(Ci), defined by




dmN exp (−SW )
1
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−a(s) log β−1 − h(s) logN2
)
, (8)
1 This model is the zero-dimensional reduced version of the “interpolating model” proposed in [1]. For α > 1,







































where S({Ci}) is the set of surfaces on the lattice whose boundary is C1 ∪ · · · ∪ Cn, a(s) is the
area of the surface s and h(s) is the number of handles of s. If we regard log β−1 and 1
N2
as the
string tension and the string coupling, respectively, (8) can be interpreted as the sum of random
surfaces weighted by the Nambu-Goto action.




















This action is invariant under the U(1)d transformation
Aµ → e
iθµAµ. (10)
If this symmetry is not broken spontaneously in the large-N limit, the correlators of Wilson loops
of this model are equal to those of the original Weingarten model (4). Because the reduced
Weingarten model has only d matrices, numerical calculations are more tractable. This model
was studied numerically [6] in the case of d = 2, 3 and it was shown that the Weingarten model
does not describe smooth surfaces but branched polymers [7].
One possibility to overcome this difficulty is to consider a modified action (1). This action is
motivated by the following observations. First, this model interpolates [1] the original Weingarten
model (α = 0) 2 and the reduced U(N) gauge theory [4] (α = ∞). Because both of them are
expected to be related to string theory, it is natural to consider the intermediate region. In this
region, this model allows a similar lattice string interpretation to the original Weingarten model,
because the relation (8) holds also in this model as long as a surface s does not intersect itself.
Second, the action (1) becomes a set of d copies of a complex one-matrix model with double-well
potential. In the case of Hermitian Matrix model, we can describe type 0B string by flipping
the sign of the double-well potential [8]. Therefore we expect that also in the case of Weingarten
model worldsheet supersymmetry is introduced by modifying the potential and it may prevent a
worldsheet from falling into branched polymer.
This model has been solved analytically only in the special cases β = 0 [1] and α =∞, d = 2
[9, 10]. In [2], the parametric region α & 1 has been studied. For sufficiently large α, there are d
phase transitions that correspond to the partial breakdowns of U(1)d symmetry. For d ≥ 3, these
phase transitions approach smoothly the known phase transitions of the large-N reduced U(N)
gauge theory [11, 12] as α → ∞. For small enough α (α . 2 in the case of d = 2), these two
transitions seems to join together. In this paper, we study the parametric region α . 1 in detail
in the case of d = 2. For a technical reason, we study the maximally twisted model.
The organization of this paper is as follows. In section 2, we provide theoretical preliminaries.
In section 3, we show the numerical result. We exhibit the phase diagram in section 3.1 and
then determine the string tension and string susceptibility in section 3.2. Section 4 is devoted to
conclusions and discussions on future directions. In appendix A we comment on numerical results
concerning the generalized Weingarten model without twist.
















2.1 Parametric region of the generalized Weingarten model
We begin with the consideration on the parametric region where the model defined by the





This can be seen as follows. In order to see whether the action is bounded or not, it is enough to























































































Combining this relation with (13), we obtain the bound (12). This bound is indeed saturated by
the unit matrix for example.
For βα−1 > 1
d−1 , although the action is not bounded from below, the model still can be well-












where ng(A) is the number of closed surfaces with genus g and area A. By taking the planar limit












for large enough A, where b and k are universal and regularization-dependent constants, respec-







and this quantity is finite for β < βc =
1
k
. In the same way, the expectation value of the Wilson
loop is also finite. Therefore, the original Weingarten model is well-defined for β < βc in the
large-N limit [3].
In numerical simulations, we cannot take N to be infinite. However, for large enough N there
is a metastable state corresponding to the planar limit. The “lifetime” of the metastable state
becomes larger as N increases [6].
For generic α, the measure in the strong coupling expansion is changed from the Gaussian one















A†µAµ − 1 +
1
α
)2 dmN . (21)
Although we cannot evaluate the strong coupling expansion exactly, we simply assume that the
effect of the change of the measure can be absorbed into the change of b and βc:
b, βc −→ b(α), βc(α). (22)
If this assumption is correct, then the planar limit exists at β < βc(α) also in this case. As we
will see in section 3, the numerical data seems to be consistent with this assumption.
2.2 String tension and string susceptibility
First, let us consider the case of the original Weingarten model. The number of planar random
surfaces on lattice with boundary C and area A is given by [13, 14]
n0(A;C) ∼ A
bkA = Abβ−Ac (23)
for large A. Note that n0(A;C) is A times larger than n0(A) because there is a degree of freedom
corresponding to a choice of a place of a puncture. Then, the expectation value of the Wilson










∼ Wc(C)− const.× |β − βc|
−b−1 + · · · , (24)
where Wc(C) = W (C)|β=βc and A0 represents the minimum area surrounded by C. Because
the relation (23) can hold only for sufficiently large A, only the leading singularity at β → βc is
reliable in the expression (24).
From this relation, we can read b off. In [15, 6], b is determined to be −1.5. However, as we will
see later in this section, branched polymers dominate the path-integral if b > −2 [7]. Furthermore,
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the string tension is finite even at β = βc [15], although in order to take a continuum limit the
string tension should approach to zero. For these reasons, the original Weingarten model does not
allow a sensible continuum limit.
Next let us consider the parametric region α > 0. In this case, if we assume the number







∼ Wc(C)− const.× |β − βc(α)|
−b(α)−1 + · · · . (25)
In section 3 we determine the value of “string susceptibility” b(α) based on this relation.
In the latter part of this section, following [7] we show that smooth surfaces (resp. branched
polymers) dominate the path integral if the string susceptibility b is smaller (resp. larger) than
−2. The number of planar surfaces with sufficiently large area A is given by (19). Now let us









A′b(A−A′)b ∼ kAA2b+1, (26)
where C represents the punctures to be glued together. In order for the smooth surfaces to
A−A’A’
Figure 1: Surface with a pinch.
dominate the path-integral, the number of smooth surfaces n0(A) must be larger than that of
surfaces with pinch. Therefore, we have the following relation:
n0(A) ∼ k
AAb−1 > kAA2b+1 ⇔ b < −2. (27)
On the other hand, if b > −2, surfaces with more pinches contribute more, and hence branched
polymers dominate the path-integral.
3 Numerical results for two-dimensional generalized Weingarten
model with maximal twist
In this section, we show the numerical result for two-dimensional generalized Weingarten
model. In order to determine the string susceptibility using the ansatz (25), we need to study
the metastable region. Therefore, in order to suppress the tunneling effect [6] we studied the
maximally twisted reduced model [16]. This amounts to the replacement
β → −β, W [m,n]→ (−)mnW [m,n], (28)
where W [m,n] represents the expectation value of m× n rectangular wilson loop.
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3.1 Phase diagram
The schematic picture of the phase diagram for the maximally twisted reduced model is shown
in Fig.2. The line β = βc represents the boundary of the metastable region, i.e. for β < βc the
“lifetime” of the metastable state becomes longer as N becomes larger. As the value of α increases,
this line approaches the boundary of the stable region, α = β. For α ∼ 1.2, a phase transition
takes place at β = βbreakdown. The values of βbreakdown seems to go to ∞ as α → ∞. This is











Figure 2: Phase diagram of the two-dimensional generalized Weingarten model with twist for
α . 1.
A remark is in order here. As shown in appendix A, βbreakdown seems to coincide with β1
in untwisted model which represents the breakdown of the U(1)2 symmetry. Furthermore, the
expectation value of the Wilson loop seems to coincide not only at β < βbreakdown = β1 but also
at β > βbreakdown = β1. Therefore, it is plausible that the phase transition at β = βbreakdown
corresponds to the breakdown of the U(1)2 symmetry. If this is the case, then the large-N
reduction[3, 4] cannot be applied at β > βbreakdown and hence this model does not allow the
lattice-string interpretation in this parametric region.
3.2 Wilson loop
Let W [m,n] be the expectation value of m × n rectangular wilson loop. We calculated the
value of W [m,n] with m,n = 1, · · · , 5. For each α and β, we fitted the data numerically by using
the ansatz
W [m,n] = c · p2(m+n) · e−T ·mn, (29)
where c, p and T are constants. The subtlety here is that the numerical result suggests that the
effect of perimeter p depends not only on α but also on β. Therefore, we expect the behavior (25)
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only when the loop is large enough. In numerical simulation, because we can study only small
loops, we should take the perimeter effect into account. Then, we expect
p−LW [m,n] ≡W ′[m,n] ∼W ′c[m,n]− const.× |β − βc(α)|
−b(α)−1 + · · · (30)
instead of (25). As we will see, this ansatz fits well with the numerical data.
For N = 100, only the loops with mn < 10 seem to converge well (see Fig.3 and Fig.4). For
this reason, we use only these values to extract the string tension and the string susceptibility.
Figure 3: The plot of W [1, 1] for α =
3.73, β = 0.4. The horizontal line is the
estimated value in the large-N limit from
the fitting W [1, 1] = c1 + c2N
c3 where
c1, c2 and c3 are constants. We can see
a good convergence at N = 100.
Figure 4: The plot of W [5, 5] for α =
3.73, β = 0.4. The horizontal line is the
estimated value in the large-N limit from
the fitting W [5, 5] = c1 + c2N
c3 where
c1, c2 and c3 are constants. We cannot ob-
serve a good convergence at this level.
3.2.1 α = 0: Original Weingarten model
At α = 0, it is known that [15, 6]
b = −1.5. (theory) (31)
Taking the perimeter effect into account, the numerical data agree with this value (Fig.5). From
the value of W [1, 1], we obtained
b = −1.5± 0.02. (numerical) (32)
3.2.2 0 < α . 1.2
String tension
Taking the perimeter effect into account, we can determine the string tension T (see Fig.6). For
fixed α, the string tension T decreases as β → βc(α) (Fig.7). Although the value T (α, βc(α))
decreases as α becomes large, it remains positive (see Fig.8).
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Figure 5: log |Wc[m,n] − W [m,n]| versus log |β − βc| at α = 0 (original Weingarten model),
N = 100. The perimeter effect is taken into account. The slope of the solid line is 0.5. [Left]
(m,n) = (1, 1). [Right] (m,n) = (2, 1).
Figure 6: logW [m,n] versus area A = mn for α = 1, N = 100. [Left] The perimeter effect is
not taken into consideration. [Right] The perimeter effect is taken into consideration. The slope
corresponds to −T . The errorbars become larger due to the ambiguity of p.
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Figure 7: The string tension T at α =
1.2, N = 100.
Figure 8: The string tension T at β =
βc(α), N = 100 for each α.
String susceptibility
We determine the “string susceptibility” b(α) using the numerical data and the expression (30).
As can be seen from Fig.9, the ansatz (30) agree with the data better than the ansatz (25). Fig.10
is the plot of log |Wc[1, 1] −W [1, 1]| versus log |β − βc| for α = 1. We can read off −b − 1 from
the slope of the fitting line. The value of b(α) is plotted in Fig.12. At α ∼ 1.2, b(α) seems to
approach −2 (Fig.12). The errorbar is rather crude and comes mainly from an ambiguity of the
perimeter effect p. One of reasons why this is so large would be that the deviation of the value of
the Wilson loop (at N = 100) from that of the large-N limit is not uniform but depends on the
size of the loop and the parameters α, β. If we can use larger matrix size N , we would be able to
make the errorbar smaller.
Figure 9: Wc[1, 1]−W [1, 1] is plotted versus βc − β for α = 1, N = 100. Solid lines represent the
fitting lines W =Wc− const · |β−βc|
−b−1. [Left] The perimeter effect is taken into consideration.
[Right] The perimeter effect is not taken into consideration.
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Figure 10: log |Wc[1, 1]−W [1, 1]| is plot-
ted versus log |β − βc| for α = 1, N = 100.
The perimeter effect is taken into consid-
eration. The solid line represents the fit-
ting line, whose slope is −b− 1.
Figure 11: W [1, 1] is plotted versus β for
α = 1.2, N = 100. The perimeter effect is
taken into account.
Figure 12: String susceptibility b is plotted versus α. The result b = −1.5 ± 0.02 at α = 0 is
consistent with the result in [15, 6].
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3.2.3 1.2 . α <∞
In this parametric region, a phase transition takes place at β = βbreakdown < βc. As remarked
in section 3.1, the U(1)2 symmetry seems to be broken for β > βbreakdown. Therefore, it is plausible
that the reduced model deviates from that on lattice and thus it does not allow the lattice-string
interpretation 3.
4 Conclusions and discussions
In this paper, we studied the two-dimensional generalized Weingarten model (1) numerically. If
we assume the relation (22) and (30), then the numerical data shows that the string susceptibility
approaches to −2 as we increase the value of the parameter α to ∼ 1.2. This result suggests that
branched-polymer configurations are suppressed in this parametric region. We also found that the
string tension decreases. However, we encountered the phase transition before the string tension
becomes zero. Therefore, we cannot take a continuum limit in the reduced model studied in this
paper.
There are several directions of future studies. First, it is necessary to understand the present
model in terms of the random surface and explain why the assumption (22) seems to be consistent
with the numerical data. Then, we would be able to clarify whether or not our numerical result
really indicate that the branched polymers are suppressed. In addition, such an understanding
would be helpful to find better models. Secondly, it is interesting to study the model defined on
the lattice [1]. In the case of the large-N reduced d-dimensional U(N) gauge theory (d ≥ 3), the
breakdown of U(1)d is the artifact of the reduced model; if the model is defined on the lattice
of the size Ld, then the U(1)d symmetry remains unbroken to the weaker coupling as L becomes
larger [11]. If similar phenomenon takes place in the present case, then using the model with L > 1
we can study the larger parametric region and may find a point at which we can take a continuum
limit. Thirdly, we can also consider the higher-dimensional models. In this case, the parametric
region where some of U(1)’s remain unbroken can also allow lattice-string interpretation and is
worth studying. We hope to report the analysis of these models in future publications.
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3 Similar phenomena in the unitary gauge theory have been studied in [17].
12
A Comparison with two-dimensional generalized Weingarten model
without twist
A.1 Two-dimensional generalized Weingarten model without twist
In this section, we consider the original, untwisted generalized Weingarten model in two
dimensions.
At large fixed α there are two lines of first order phase transitions. We call them β1 and β2
in ascending order. They correspond to the breakdown of the U(1)2 symmetry. If we increase β
with α fixed, U(1)2 is broken to U(1) at β1 and then is broken completely at β2. The values of β1
and β2 seem to go to ∞ as α
−1 → 0. This is consistent with the analytic result, in which U(1)2
is not broken. At small α, β1 and β2 seem to join together. This transition persists to α ∼ 1.2
where it merges with the boundary of the metastable parametric region. Near the boundary of
the well-defined region β < α, the U(1)2 symmetry is restored. In Fig.13, this line of restoration










β = β1 = β2
{1} → U(1)2
Figure 13: Phase diagram of the
two-dimensional generalized Weingarten













Figure 14: Phase diagram of the
two-dimensional generalized Weingarten
model without twist for α & 1. (This fig-
ure is based on Fig. 10 of [2].)
In the parametric region where the U(1)2 symmetry is not broken, our reduced model is
equivalent to the model defined on the lattice [1] through the large-N reduction. If this symmetry
breaks, then the reduced model deviates from that on lattice and does not allow the lattice-string
interpretation 4.
4 For d ≥ 3, if U(1)d′ remains unbroken, then this model would be equivalent to a model defined on d′-dimensional
lattice couple to d− d′ adjoint scalars. For this reason, such parametric region is of interest in this case. Note that
the U(1)’s does not necessarily break one-by-one in the case of twisted model.
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A.2 Comparison of untwisted and twisted models
In this subsection, in order to avoid a confusion we distinguish the physical quantities in the
twisted model by using the subscript T . For example, Wilson loops are denoted as
W [m,n](α, β) : without twist (33)
WT [m,n](α, β) = (−)
mnW [m,n](α,−β) : with maximal twist. (34)
Here we have included a phase (−)mn so that two prescriptions give the same value at strong
coupling region:
W [m,n](α, β) =WT [m,n](α, β). (strong coupling) (35)
In Fig.15, we plotted the expectation value of 1× 1 Wilson loops for α−1 = 0.3. We can see that
W [1, 1] and WT [1, 1] indeed take the same value. We can also see that the expectation values of



















Figure 15: Plot of the expectation value



















Figure 16: Plot of the expectation value
of the action for α−1 = 0.3, N = 50.
same expectation values of the Wilson loops not only in the strong coupling region but also in the
weak coupling region which is separated from the strong coupling region by a phase transition;
indeed, as can be seen from Fig.17, phase transitions take place at β1(α
−1 = 0.3) ∼ 1 both in
twisted and untwisted models. In the case of the untwisted model, this transition corresponds to
the breakdown of U(1)2. (see Fig.18.) In the case of the twisted model, because the expectation
value of
∑
µ |TrAµ| remains almost zero, this transition would not correspond to the complete
breakdown of one of U(1)’s; it may represent a breakdown to Zn for some integer n.
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